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Abstract 

We present various supergravity black holes of different dimensions with some U(l) charges 
set equal in a simple, common form. Black hole solutions of seven dimensional U(l) 2 gauged 
supergravity with three independent angular momenta and two equal U(l) charges are ob- 
tained. We investigate the thermodynamics and the BPS limit of this solution, and find that 
there are rotating supersymmetric black holes without naked closed timelike curves. There 
are also supersymmetric topological soliton solutions without naked closed timelike curves 
that have a smooth geometry. 



1 Introduction 



There has recently been interest in solutions of gauged supergravity theories because of the 
AdS/CFT correspondence [H El El H] . Using exact solutions from the gravitational side of the 
correspondence, one hopes to learn about the dual gauge theory. Supersymmetric black hole 
solutions are useful for comparing the thermodynamics on both sides of the correspondence, 
since non-renormalization theorems mean that some results on the conformal field theory side 
may be extrapolated from weak to strong coupling. More general non-extremal black hole 
solutions have a non-zero Hawking temperature and are useful for studying the dual field 
theory at non-zero temperature. 

It is of interest to consider not only four spacetime dimensions, but also higher spacetime 
dimensions D > 4, since the AdS/CFT correspondence may be studied in a variety of dimen- 
sions. Of particular interest are supergravity theories in spacetime dimensions D = 4,5, 7, 
since the AdS/CFT correspondence relates these to superconformal field theories on a large 
number, N, of M2-branes, D3-branes, and M5-branes respectively; these branes preserve 32 
supercharges and have maximal supersymmetry. More precisely, there is a duality between 
M-theory on AdS4 x S 7 and a non-abelian D — 3, M — 8 superconformal theory, between 
type IIB string theory on AdSs x S 5 and D — 4, JV = 4, SU(iV) super Yang-Mills theory, and 
between M-theory on AdS7 x S" 4 and a non-abelian D = 6, JV — (2, 0) superconformal theory. 
These respectively correspond to the maximal D — 4, JV = 8, SO (8); D = 5, JV — 8, SO (6); 
and D = 7, Af = 4, SO (5) gauged supergravities, which have respective Cartan subgroups 
U(l) 4 , U(l) 3 and U(l) 2 . 

There has been much progress over the last few years in obtaining new, non-extremal, 
asymptotically AdS black hole solutions of gauged supergravity theories in four [5], five (6j 
HI El El [TO] and seven [TT] dimensions. However, in each case, we have not yet obtained 
a non-extremal solution with all rotation and charge parameters arbitrary. In addition to 
the non-extremal black hole families of solutions in the literature, there are also some known 
supersymmetric solutions, which should belong to a larger family of non-extremal solutions yet 
to be discovered. For the five dimensional case, building on previous work on supersymmetric 
AdSs black holes [121 [32], a supersymmetric solution with two rotation and three charge 
parameters arbitrary except for a single BPS constraint is known [H]. The basis for those 
studies is the classification of supersymmetric solutions using the G-structure formalism, 
introduced in the context of five dimensional minimal gauged supergravity by [IB] . There has 
been some work which extends the supersymmetric classification to higher dimensions, for 
example in the dimension we focus on in this paper, D = 7 [16J, however the classification 
becomes increasingly implicit. Nevertheless, supersymmetric solutions have been successfully 
found as a limit of non-extremal solutions without such a formalism, for example amongst 
the non-extremal solutions cited above. 

In this paper, we consider certain supergravity black hole solutions that are both charged 
and rotating, but which have the simplification that we truncate to the Cartan subgroup, 
which is of the form U(l) fc , of the full gauge group, and some combinations of these U(l) 
charges are set equal. The main result of this paper is a new black hole solution of seven 
dimensional gauged supergravity with three independent angular momenta and two equal 
U(l) charges. However, for non-extremal solutions of gauged supergravity theories, there is 
no known solution generating technique, and instead one must rely on inspired guesswork. 
Therefore the "derivation" of the new solution will consist of a presentation of some previ- 
ously known solutions in a unified manner, from which one might obtain a tight ansatz to 
find the result. In particular, in section 2, we review the relevant solutions of toroidally com- 
pactified heterotic supergravity in [17], of four dimensional gauged supergravity in [5], and 
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of five dimensional gauged supergravity in [TJ. The case of toroidally compactified heterotic 
supergravity is useful as its Lagrangian gives rise to the ungauged limit of the supergravity 
Lagrangians we shall consider, and global symmetries of the theory give a mechanical solution 
generating technique that charges up a neutral solution, and so provide the ungauged limits 
of the solutions we seek. In section 3, we concentrate on the case of seven dimensional gauged 
supergravity, in particular reviewing the solution of [11] . which has equal rotation parameters, 
specializing to the case of two equal U(l) charges in the U(l) 2 maximal abelian subgroup of 
the full SO (5) gauge group. Guided by these previous solutions with equal charges, we then 
write down a new solution of seven dimensional gauged supergravity with three independent 
angular momenta and both U(l) charges equal. There is a brief discussion of the curvature 
singularities, which we find are similar to those of other higher dimensional black holes. We 
examine the thermodynamics of the solution and also the BPS limit, finding that the solution 
includes supersymmetric black holes without naked closed timelike curves. Like in four and 
five dimensions, these supersymmetric black holes must rotate. We investigate the fraction 
of supersymmetry preserved by the supersymmetric black holes and find that they are all | 
supersymmetric. Of the more general supersymmetric solutions, naked closed timelike curves 
may also be avoided by a class of topological soliton solutions, which have a smooth geometry 
provided that the parameters obey a certain quantization condition. The topological soliton 
solutions are generally | supersymmetric, but we investigate whether the supersymmetry can 
be enhanced, and find that it can in special cases. 

2 Equal charge black holes 

As a first step towards obtaining new seven dimensional gauged supergravity black holes 
with equal charges, we first reexamine some other supergravity black hole solutions with 
equal charges. We first consider solutions of ungauged supergravity, in particular those of 
toroidally compactified heterotic supergravity, before reviewing the most relevant solutions of 
four and five dimensional gauged supergravity. 

2.1 Toroidally compactified heterotic supergravity 

We first consider toroidally compactified heterotic supergravity, since its Lagrangian gives rise 
to the ungauged limit of the gauged supergravity theories we shall later consider. Solutions of 
this ungauged theory can be easier to obtain, and we shall later see examples of how certain 
solutions generalize to the gauged theories. 

The bosonic fields of heterotic supergravity are the graviton g ab , a dilaton (ft, a Yang-Mills 
field A a in the adjoint representation of Eg x Eg or Spin(32)/Z2, and a Kalb-Ramond two-form 
potential B^. We truncate to the U(l) 16 Cartan subgroup of the Yang-Mills sector, which is 
a consistent bosonic truncation. In Einstein frame, the ten dimensional bosonic Lagrangian 
of heterotic supergravity is 

1 1 16 1 

C w = R * 1 - - * d0 A d0 - - * F[ 2) A F[ 2) - -e"* * H {3) A H {3) , (2.1) 

i=i 

with FL, = dA|^ and = dB( 2 ) — \ J2)=i ^{2)^Mi)- O n Iy terms with up to two derivatives 
appear in this Lagrangian. 

If we perform a Kaluza-Klein reduction on a torus T d to D = 10 — d > 4 dimensions, 
then we obtain the .D- dimensional low-energy effective Lagrangian, which is of the form 
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(2) 



C D = £ D ,i + £d,2 + £d,3, where 

^ / d d 

£ D l = R*l - - I * d(fi A d(fi + ^ *d0i A d(fi, + e Cl ^ * F i(2) A Fj 

\ i=l i=l 

l<i<j<d J 
16 / d \ 

£ ^ 2 = - 2 E eA ' * F ( 2 ) A F i) + E eAi '* * *Sd A > 

7=1 \ i=l / 

1 / - 

£d,3 = -- e B ^*# (3 ) A7T (3) + ^e B ^^^ (2) A # l(2) 

V i=i 

+ ^ e B ij-0 ^ Hij(i) A -ffjj(i) j • (2.2) 

l<i<j<d / 

£d,i contains the ten dimensional scalar and terms that arise from reduction of the Einstein- 
Hilbert term, including d dilatons, d vectors and, from reduction of the vectors, ^d(d — 1) 
so-called "axions", which are scalars that arise from off-diagonal metric components. Co. 2 
comes from reduction of the two-form field strengths and Cd,z comes from reduction of the 
three-form field strength. cp = (0, (pi, . . . (fid) is a vector field with its d+ 1 components being 
the ten dimensional scalar and the d dilatons. A, Aj, B, Bj, By, Cj and Cy are constant 
vectors with d + 1 components, which are related to the root lattice of O(10 — D, 26 — D). 
We shall not require the full expressions for the constant vectors or for the field strengths in 
terms of potentials, which may be found in p2] (see also [19] for the procedure applied to 
eleven dimensional supergravity), except for the relation B = 2 A. 

We shall consider the consistent bosonic truncation to the sector in which the only fields 
turned on are one linear combination of the dilatons, ip = A • <p^/ (D — 2)/2, two equal one- 
form potentials, Am. = AjL = -Am, and the two-form potential -8(2)- The resulting field 
strengths are F( 2 ) = dA^ and if (3) = d£>( 2 ) — A(i) A dAm, in terms of which a Lagrangian 
for the field equations is 

C D = R * 1 - i * dtp A d<p - f&ly/W-Q * F (2) A F {2) - i e W 2 ( fl - 2 ) * # (3) A H {3) . (2.3) 

To make contact with other supergravity theories, we obtain an equivalent Lagrangian by 
dualizing the three- form field strength, if(3), in favour of a (D — 3)-form field strength, i 7 'm_3). 
The Poincare dualization procedure first involves noting the Bianchi identity for the three- 
form field strength, dif( 3 ) + F( 2 ) A Fq) = 0, which is imposed by adding to the Lagrangian the 
term (— 1) D ~ 1 A( D _ 4: * ) A (cLffp) +F( 2 ) AFr 2 )), treating A( D _ 4 ) as a Lagrange multiplier. Varying 
the modified Lagrangian with respect to Hr 3 \, the algebraic equation of motion for if( 3 ) gives 
an expression for the dual field strength, 

F (D _ 3 ) = cL4 (D _ 4) = eW 2 ^) * 77(3). (2.4) 

Substituting back into the original Lagrangian and integrating by parts, we obtain the dual 
Lagrangian 

C D = R*l-±*d<pAd<p- e 2 ^^^) * F (2) A F (2) - * F[D _ 3) A F(D _ 3) 

+(—l) D ~ 1 F(2) AF( 2 ) AAm-Q, (2.5) 
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where Fp) = dA(i) and F(d-s) = The Chern-Simons terms appearing originate 

from the dependence of on A^. We have chosen not to rescale F( 2 ) to the canonical 
normalization for a single field, again for convenience when comparing with other supergravity 
theories. 



2.2 Equal charge black holes of toroidally compact ified heterotic 
supergravity 

From uncharged black holes of Einstein gravity in the absence of a cosmological constant, 
one may generate charged generalizations in the context of toroidally compactified heterotic 
supergravity as a result of global symmetries of the theory. For rotating solutions in higher 
dimensions, the procedure was used in [17] to obtain charged and rotating black hole solutions 
from the neutral Myers-Perry solution [20J. We shall see that the charged solution simplifies 
substantially in the case that the charge parameters are equal, which will form the basis of 
generalizations to equal charge solutions of gauged supergravity theories. 

The most illuminating way of writing the solution in the equal charge case is to use 
latitudinal and azimuthal coordinates that generalize the coordinates used for the Plebahski 
solution [21] (see also [22] for the inclusion, in four dimensions, of an acceleration parameter, 
as in the C-metric) , through which the solution takes a rather symmetrical form, and to write 
the metric using a set of simple vielbeins. In higher dimensions, such an approach was used 
in [23] to obtain NUT charge generalizations of the higher dimensional Kerr-AdS solution. 
There, the key observation was that for the round metric on a unit sphere S 1 



:D-2 



|D/2j [{D-l)/2\ \_D/2\ 

dQl_ 2 = £ ^ + £ tfdtf , £ /x? = 1, (2.6) 

i=l i=l i=l 

the latitudinal coordinates \ii may be parameterized as 

2 _ rL=l( a i ~ Ha) (r) 7 \ 

~ T-r/ „ i 9 9\ ' ) 



IT 



k=l 



af — at 



where D = 2n for even dimensions and D = 2n + 1 for odd dimensions. We have used the 
notation Y[ to indicate that we exclude the factor that vanishes from a product. The round 
metric then takes a diagonal form with 

E ^ = (-d" +1 E n 1 / Jr -e (2.8) 

i= l a= i YYk=l\ a k iJa) 

For the azimuthal coordinates, the higher dimensional generalization of Boyer-Lindquist co- 
ordinates (pi retain the property that they are periodic with canonical normalization so that 
their period is 2tc. For computational purposes and conciseness, it is more convenient to 
perform a linear coordinate transformation of the azimuthal coordinates <pi and the Boyer- 
Lindquist time coordinate t to a higher dimensional generalization of those used by Plebahski, 
as we shall later use and denote by ifif, the coordinate change may be found in [23]. Readers 
unfamiliar with this coordinate system for higher dimensional black holes may find it helpful 
to look at more specific examples first, before considering arbitrary dimensions, for example in 
[23], where explicit expressions for the Kerr-NUT-AdS solution in six and seven dimensions 
may be found, and the solutions of four and five dimensional gauged supergravity that we 
review later. 
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The latitudinal coordinates y a were first introduced by Jacobi [21] , so I suggest calling 
them Jacobi coordinates (although the n = 3 case was previously considered by Neumann 
in analysing the three dimensional harmonic oscillator constrained on S 2 [25]). Because 
of the use of these azimuthal coordinates by Carter for expressing the Kerr-AdS solution 
[26] . I suggest that the ipi coordinates be called Carter coordinates. Although Plebahski 
[2T] suggested the name of Boyer coordinates for the full set of all four coordinates, such 
terminology has not caught on, perhaps because of possible confusion with Boyer-Lindquist 
coordinates. I therefore instead suggest that the full set of coordinates (y a , ipi) be called 
Jacobi-Carter coordinates. 

We should note that there are some typographical errors in the general solution of |17j . 
noted for example in [TT]. Also, compared to [17] ; we have changed the sign of fa and set 



2.2.1 Even dimensions D = 2n 

In Boyer-Lindquist coordinates, the solution of [UJ with both U(l) charges set equal in even 
dimensions D = 2n may be written as 



ds 2 = H 2/(D-2). 



n-l 



1 (r 2 + af)7i ~ 2ms 2 r 



a=l 

2mscr 
HU 



i=i 



A B 



(2) 



2ms 2 r 
HU 



-dfa 



n-l 



u, 



M +j^dy 2 



HU 



dt A ^7jd</>j, 



(2.9) 



i=i 



where 



n-l 



n-l 



n-l 



U=H(r 2 + y 2 a ) } Ua = -(r 2 + y 2 a )]X(y}-y 2 a ), ^ = \{{a 2 -yl). l 



a=l 
n-l 



/3=l 
n-l 



a=l 



n— 1 



R = Y[(r 2 + a 2 ) - 2mr, X a = — \\{a 2 k - y 2 a ), A = dt - ^ 7i d&, 



fe=i 



k=i 



8=1 



2ms 2 r 

ii = 1 H ^ — , s = smno, c = cosho, 



dill 



(2.10) 



and the normalization of the scalar of [T7J, <p', is related to the scalar that we have been using, 
<p, by iff = y/(D - 2)/2<p. 

The metric takes a slightly simpler form if we make a linear coordinate transformation 
of the azimuthal coordinates fa to Carter coordinates fy. In these coordinates, there is a 
compact expression for the solution if we make analytic continuations to give a Riemannian 
metric. We analytically continue the radial coordinate r, so that it appears on an equal 
footing as the other coordinates y a , and define n coordinates x u by 



•"a yen 

x n = ir. 



1 < a <n- 1, 



(2.11) 



To keep the metric real, we also make the analytic continuation m n = —im. The new 
coordinate t' = ipo, which would be a time coordinate in Lorentzian signature, may be placed 
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on a similar footing as the latitudinal coordinates ipi- It is a ls° convenient to record the dual 
potential A(£>_ 4 ) rather than B^)- The solution takes the form 



where 



ds 2 = H 2 '^ 



^ I A 

u, 1 A 



in;, 



An) +^dxl 



1 2m n SCX n 



A 



(D-4) 



2im n s 2 flail x a 



(n-2)\U n 



A 

-1 

E 

,a=l 



2 TT« — 1 / n ~l 9 2 



n-2 



a rLA T A A 



u, = n' ( 



n-l 



2 _ 2 \ 



X n = - Y[( a l - x l) + 2m ^M- m li = m n 6 i 



n-l 



fc=l 



A = Ef* 4 fc) = E 



2 2 2 



fc=0 
n-l 



^l<^2<---<^fc 



2 2 2 



k=l 



H = 1 H p- — -, s = sinh5, c = cosh 5. 

{J n 



(2.12) 



(2.13) 



2.2.2 Odd dimensions D = 2n + 1 

In Boyer-Lindquist coordinates, the solution of [17] with both U(l) charges set equal in odd 
dimensions D = 2n + 1 may be written as 



ds 2 = H 2/(D-2). 



7^ 2 + S d " 2 



where 



n-l 

+E 

a=l 



(r 2 + a 2 )^ 



2ms 
HU 



nLi« 2 



r2 nLi 2/a 

2msc 



^(dt-^^!-±^d^-^ 



^4 1 + ^dy. 



A -8(2) 



i=l 

2ms 2 
HU 



a 2 



HU 



dt A E 7 * d< ^ 

i=l 



n-l 



n-l 



n-l 



U = l[(r 2 + y 2 a ), Ua = -(r 2 + y 2 a )]X(yl-yl), H = a 2 JJ(a? - y 2 a ) 



a=l 



0=1 



a=l 



^ it ^ yt n 

^ = -2 n^ 2 + a ') - 2m ' x « = ^2 iw - ^ = dt - E^ d ^' 

i=l 

0i 



# = 1 + 



fc=i 
2ms 2 



yd 



k=l 

s = sinh 5, c = cosh 5, 



^n^=iK 2 -«D : 



(2.14) 



(2.15) 



again with ip' = y{D — 2)/2<p. 

We again analytically continue the radial coordinate r for convenience when using Carter 
coordinates, using the same definition for the n coordinates x^ as for the even dimensional 
case in ( 12. lip . The solution after these analytic continuations is 



where 



ds 2 = /f 2/(D-2)l £ 



A, 



2m n s 2 



An) + 



u„ 



dx 2 



y - ft 



T-rn 2 / " 



2m n s 2 

Ml 



.4 



2m n sc , 
A 



A 



(D-4) 



2m n s 2 nr=i a 

(ra-2)!E/ n 



'n-l 



n-2 



i £ Aj-^d^ A £ ^^dx a A A, 

\ - X /y 



k=l 



va=l 



(2.16) 



17„ 



n 

^=1 



4), ^ 



i n 



x M ) + 2m (t , 



v k=i 



U2<.. 

A, = Y, A P d ^ 



2 2 



X 



!/l<i^2<...<fi ; 
n-l 



^(fc) 



E 



2 2 2 
Jj V\ J -'V2 ' ' ' Vh ' 



fc=0 

n-l 



4(fc) 

A fW 



E 



2 2 



X 



k=l 



H 



V\<V2<---<V k 

V^ftyV 

1 H " g , s = sinh 5, c = cosh 5. 



(2.17) 



(2.18) 



2.3 Four dimensional gauged supergravity 

The maximal D = 4, J\f = 8, S0(8) gauged supergravity may be obtained by dimensional 
reduction of eleven dimensional supergravity on S 7 . Truncating so that we only include 
gauge fields in the U(l) 4 Cartan subgroup of the full gauge group, we arrive at N = 2 gauged 
supergravity coupled to three vector multiplets. The bosonic fields are the graviton, four U(l) 
gauge fields, three dilatons and three axions. 

Considering the truncation to pairwise equal charges, the bosonic Lagrangian is 



Ct = R*l-~*d<pAd<p- h~ 2 ^ * d X A d X - ^(*F ( 1 2) A F(2) + *if 2) A Ff 2) ) 
-\x{F{2) A ^(2) + F{2) A F 2 2) ) + g 2 (A + 2 cosh <p + e" V) * 1- 



(2.19) 



Compared with [5], we have changed the sign of (p, and adjusted the sign of the potential so 
that setting both scalars to zero gives a negative cosmological constant. 

Black hole solutions of this truncation of the gauged supergravity theory were obtained 
in [5]. They are parameterized by the angular momentum, two independent U(l) charges, 
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mass and NUT charge, although we do not consider NUT charge here. In the ungauged limit, 
the solutions can be obtained from a more general known four charge solution by setting the 
charges to be pairwise equal. 

A further consistent bosonic truncation is to take A 1 ^ = 0. The field equations can be 
obtained from the Lagrangian 

I i 

£ 4 = R * 1 - 2 * dL P A dl P ~ X ~ 2 * F (2) A F (2) ~ * dx A dx - xF{2) A F {2) 

+g 2 (X 2 + 4 + X" 2 + X 2 X 2 )*l, (2.20) 

where X = e~^ 2 and F (2) = dA {1) = (l/V2)dA 2 {l) . Setting g = 0, we recover the Lagrangian 
of (123]) . 

The black hole solution without NUT charge of this further truncated sector that is relevant 
for us is, in Jacobi-Carter coordinates, 



ds 2 = H 



R Y H 2 {r 2 + y 2 ) 



-2 dt ' ~ r d ^ ~ w? 2^ A 

r +y \ ri [r z + y z ) 

X = H-y 2 , A\ 1) = 0, ^ A, X = -^- 2 , (2.21) 



where 



R = (1 + g 2 r 2 )(r 2 + a 2 ) + qg 2 r(2r 2 + a 2 ) + g 2 ^V 2 - 2mr, 
F = (l-A 2 )(« 2 -Z/ 2 ), ^ = dt + 2/ 2 d^, 

= 1 + qr q = 2ms 2 , s = sinhtf, c = cosh 5. (2.22) 

r 2 _|_ 

Taking g = 0, we recover the solution of f 1 2 . X 2 j) for D = 4. Viewed as a solution of the U(l) 4 
supergravity theory, in the notation of [5], we have taken the four charge parameters to be 
5i — 5s — 0, 5 2 = S 4 = 5. 



2.4 Five dimensional gauged supergravity 

Performing a Kaluza-Klein reduction of type IIB supergravity on S 5 leads to D — 5, M — 8, 
SO (6) = SU(4) gauged supergravity. We truncate to include only gauge fields in the U(l) 3 
Cartan subgroup of the full gauge group. There is a consistent truncation to minimal M = 2 
gauged supergravity coupled to two vector multiplets. The bosonic fields are a graviton, three 
U(l) gauge fields and two scalars. 
The Lagrangian is 

23 3 
£ 5 = R^l-^^^Adipi-^^X^^F^AF^+Ag'J^Xy^l+F^AF^AAf^ (2.23) 

i=l 1=1 1=1 

where 

Xi = e -fi/V6-<P2/V2^ X2 = e -<pi/VE+<P2/V2^ X 3 = e 2 ^/^, FL = dA\ iy (2.24) 
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We may perform a consistent bosonic truncation to the sector with Ah 



X — X\ — X2 



x: 



-1/2 



(i) 



A 2 ^ and 



e f 1 /^. Relabelling (pi —>■ (p, the bosonic field equations can be 



obtained from the Lagrangian 



i2*l-i*cfy>Acfy>- X- 2 * Fjj A F^ - ^X 4 * F ( 3 2) A 



(2) 



+4# 2 (2JT 



X 2 Wl 



(2.25) 



Setting g = 0, we recover the Lagrangian of (12. 5p . 

For our purposes, we consider the black hole solution of [7] that has two independent 
rotation parameters, two charges set equal, and the third charge set to a particular value once 
the other charges are fixed, so there is one independent charge parameter. The solution in 
Jacobi-Carter coordinates is 



ds 2 = H 2 '* 



r2 + y 2 dr 2 

R 
Y 



r 2 + y 2 
a 2 b 2 



^dy 2 
Y y 

dt' - r 2 d^i 



R 



H 2 (r 2 + y 2 ) 



A 2 



H r 2 



-A 



dt' + (y 2 - r 2 )d^i - r 2 y 2 dip 2 



H(r 2 + y 2 



-A 



A 1 — X2 



H- 1 '^ X, = H 2 '\ 



A 2 



2msc 



-A, 



A 3 



where 



R ■ 

Y : 

H 



H(r 2 + y 2 
(1 + g 2 r 2 )(r 2 + a 2 )(r 2 + b 2 ) 



1 J (d-01 + y 2 d^ 2 



r 2 _|_ y 



(2.26) 



+ qg (2r 2 + a 2 + b 2 ) + q 2 g 2 - 2m 



(l-gV)(a 2 -y 2 )(b 2 -y 2 ) 



1 + 



r 2 + y 2 ' 



y 
q 



2ms 2 , 



A = dt' + y 2 dip l , 
sinh 5, c = cosh 5. 



(2.27) 



Taking g = 0, we recover the solution of (I2.16P for D = 5. 

A generalization of this solution has recently been discovered such that although there are 
two equal U(l) charges, the third may be independently specified [10]; this generalization also 
includes the five dimensional minimal gauged supergravity black hole solution of [8] . However, 
as this more general solution has two independent charge parameters rather than one, we do 
not require any of its additional features to guide us towards the new seven dimensional 
solution obtained in the next section. 



3 Seven dimensional gauged supergravity black holes 

Reducing eleven dimensional supergravity on S 4 leads to D = 7, jV = 4, SO (5) gauged 
supergravity. We truncate to include only gauge fields in the U(l) 2 Cartan subgroup of the 
full gauge group. The bosonic fields are a graviton, a three-form potential, two U(l) gauge 
fields and two scalars. 
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The bosonic Lagrangian is 

2 „ 2 



C 7 = R * 1 - 1 ^ *d^ A - ^ Xf 2 * F ( J 2) A F ( 2) - \x\Xl * F (4) A F (4) 
i=i i=i 
+2# 2 (8XiX 2 + 4Xr 1 X 2 " 2 + AX^ 2 X 2 l - Xf 4 X 2 ~ 4 ) * 1 

+ 0F (4) A A( 3 ) + F^) A if 2) A A(2) , (3.1) 

where 

Xi = e^^ 1 /^-^/^ 2 , X 2 = e -^i/v^o+^/V2 ; F / 2) = dA / i); F(4) = dA(3) _ ( 3 _ 2 ) 
The resulting Einstein equation is 

Gab = J2 (l^aVNm - -y C ^c^9ao\ +J^ X ^ (^V^ftc ~ V^'c^afe) 
i=l ^ ' 1=1 ^ ' ' 

+X 2 X 2 ^— F a cde F bcde — —F cde ^F cde fg ab ^j 

+g 2 (8X 1 X 2 + 4Xr x X 2 - 2 + 4Xr 2 X 2 - x - X^X^)g ab . (3.3) 
The remaining field equations are 

i 2 i 

I — |,„ \ ^ v — 2 iji/ab 77'/ V 2 rpabcd 771 

D ^ " 271 7 ab " Ivi 1 2 a6cd ' 

+ ^^ 2 (4X!X 2 - SXf^ 2 - SXf^ 1 + 2Xr 4 X 2 ~ 4 ), 
V 10 

□^2 = ^(X^F lab F\ b - X 2 - 2 F 2ab F 2 ab ) + 4v / 2^ 2 (X 1 - 1 X 2 - 2 - X^X 2 V ), 

d(Xr 2 ^F ( 1 2) ) = F 2 ) AF {4) , 
d(X 2 ~ 2 -k F 2 2) ) = F {2) A F (4 ), 

d(X 2 X| * F (4) ) = 2(/F (4 ) + F{ 2) A if 2) . (3.4) 

Once the field equations arising from the Lagrangian are satisfied, there is also a self-duality 
condition to impose, which can be stated by including a two-form potential A^) and defining 

F (3) = dA {2) - l -A\ x) A dA 2 {l) - l -A 2 {1) A dA\ x) . (3.5) 
The self-duality equation is 

X 1 2 X 2 2 *F (4) =2^ ( 3)-F (3) . (3.6) 

If we truncate to solutions with X = X x = X 2 = e~ Vl ^^, (p 2 = and A^ = Ah, = A 2 ^, 
then the bosonic field equations can be obtained from the Lagrangian 

1 1 

C 7 = R * 1 - - * dpi A d^i - X- 2 * F (2) A F (2) - -X 4 * F (4) A F (4) 

+2(? 2 (8X 2 + 8X" 3 - X- 8 ) * 1 + F (2) A F {2) A A (3) - gF (4) A A (3)> (3.7) 

where F@) = dA^. Setting g = 0, we recover the Lagrangian of (12.51) . The self-duality 
equation becomes 

X 4 * F (4) = 2gA {3) - dA {2) + F {2) A A {1) . (3.8) 
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3.1 Black hole solutions 



Before presenting the new black hole solution, we first review the known black hole solu- 
tions in seven dimensions. The starting point for rotating black holes in higher dimensions 
is the Myers-Perry black hole [20J, which generalizes the Kerr solution of four dimensions. 
In arbitrary dimensions, there is a generalization to include a cosmological constant [271 128] . 
and, as discussed previously, in the context of toroidally compactified supergravity, a gener- 
alization to include charges [IT] . In seven dimensions, viewed in the context of U(l) 2 gauged 
supergravity, these respectively provide black hole solutions with three arbitrary rotation 
parameters, no charges, and arbitrary gauge coupling constant g; and with three arbitrary 
rotation parameters, two arbitrary charges, and zero gauge coupling. 

Specific to seven dimensional gauged supergravity, a non-rotating black hole with two 
independent U(l) charges and arbitrary gauge coupling constant was given in [291 EO]- A 
generalization to include three equal angular momenta, as well as the two independent U(l) 
charges and arbitrary gauge coupling, was obtained in [llj. The solution involves the Fubini- 
Study metric on CP 2 , 

d£ 2 = de + i sin 2 i{a\ + al) + ~ sin 2 £ cos 2 fcr* (3.9) 

where cr, are left-invariant one-forms on SU(2) that satisfy dcr^ = — \£ijk&j A cr*., for which the 
Kahler form is J = ^da with o = dr + | sin 2 £173. A simplification occurs if the two U(l) 
charges are set equal. Compared with [11], we perform the coordinate changes t — > (1 — ag)t, 
followed by r — > r — gt, so — > o — gdt, and so the solution is written as 



ds 2 = H 2 "> 



V-2m . , n9 (r 2 + a 2 ) 2 9 r 2 + a 2 , „ 

H 2 ^ z (r z + a 2 ) 2 V — 2m c 



a 2 /,„ 9 9N , r 2 + a 2 2ms 2 (l + ao). 1 , 
zst 1 \ a H{r z + a 2 ) 2 

i/e , 2msc . , 2ms 2 {\ + aa) , 



#H(r 2 + a 2 ) 2V " w #S(r 2 + a 2 ) 2 

_ r« 

H 2 (r 2 + a 2 



2777- 5^ 

A (3) = ^2^2 i 212- K " - ap 3 d*) - a #( d * - A ( r2 + a 2 ) J, ( 3 - 10 ) 



where 



V = (1+ ^ 2) f + a2)3 + 2msY(2r 2 + 3a 2 ) - 1^ + (W)V , 
2tyis 2 

H = 1 + — — — , s = sinh5, c = cosho~, H = 1 — a 2 g 2 . (3-11) 

(r 2 + a 2 ) 2 

The time coordinate t that appears here is canonically normalized and matches the t of, for 
example, [23] . 

Guided by the structure of the solutions we have just discussed, we are in a position to 
obtain a new seven dimensional solution with three independent angular momenta and equal 
charges. In particular, we are helped by the simple form of the sevenbeins in terms of which 
the previously known solutions may be written. 
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The new solution is 

ds 2 = H 2 / 5 



(r 2 + y 2 )(r 2 +_£ 2 ) dr 2 + (r 2 + y 2 )(y 2 - z 2 ) 2 + (r 2 + z 2 )Q 2 - y 2 ) ^ 



R 



Y 



R 



+ 



H 2 {r 2 + y 2 ){r 2 + z 2 
Y 



-A 2 



(r 2 + y 2 )(y 2 — z 2 ) 
Z 



+ 



^ r 2 _|_ z 2 )(z 2 — y 2 



dt' + (z 2 - r 2 )d^i - r 2 z 2 di> 2 
dt' + (y 2 - r 2 )o>i - r 2 y 2 dip 2 



Q 



H(r 2 + y 2 )(r 2 + z 2 

2 2 \ j / „2„,2j . 9 



-.4 



^1 ^2^3 



i7(r 2 + y 2 )(r 2 + z 2 ) 
dt' + (y 2 + 2 2 - r 2 )d^i + (y 2 z 2 - r 2 y 2 - r 2 z 2 )difj 2 - r 2 y 2 z 2 difj 3 

2 



.4 



q 



H(r 2 + y 2 )(r 2 + z 2 ) 
2msc 



gy 2 z 2 \ . 
1 + — I A 



aia 2 a 3 J 



Y" _ tj— 1/5 a _ ~" A 

' {1) ~ H(r 2 + y 2 )(r 2 + z 2 ) ' 
A( 3 ) = qa^a^dipi + (y 2 + 2 2 )d^ 2 + y 2 z 2 di[) 3 ] 



A 



'r 2 + y 2 )z 



dz A (d0i + y 2 dip 2 ) + 



V 2 + z 2 )y 



dy A (d^i + ^ 2 d^ 2 



-qgAA 



z - - ■ 2jj. n , y 



r 2 + y 2 



dz A (d^i + rd^ 2 ) + 9 9 dy A (d^i + * 2 dV> 2 



(3.12) 



where 



i? 



y 



l±|!r! JJ( r 2 + a 2) + ^2 (2r 2 + a 2 + fl 2 + ^ 



2, 2,., 2 2 2 2, 2qga x a 2 a 3 , gV 



+ 



2m, 



8=1 



I - 9 2 y 2 T-[( 2 2\ ry ^~9 2z2 TT{ 2 2^ 



y "t z z : 

" i=i i=i 

2 i „2\j / , 22 



^ = dt' + (y 2 + z 2 )d^ + y 2 z 2 d^) 2 



H=l + 



Q 



(r 2 + y 2 ){r 2 + z 2 ) 
The two-form potential is 

Q 



, q = 2ms 2 , s = sinh<5, c = cosh 5. 



(3.13) 



A 



A A 



H(r 2 + y 2 )(r 2 + z 2 ) 
dt' + a 2 (g 2 dt' + d^i) + ^ + #2) + a\a\a\{g 2 d^) 2 + d^ 3 ) 



(2) 



i i<j 

- 3 % 2 + z 2 )dt' - g 2 y 2 z 2 di> l + aaa 2 a 3 <7[d^i + (y 2 + z 2 )d^ 2 + y 2 z 2 d^]\ . (3.14) 

It is straightforward to verify on a computer that the above solution does indeed satisfy the 
field equations. The natural choice of sevenbeins facilitates the computations, including those 
of the metric determinant and of the metric inverse. 

The structure of this seven dimensional solution is analogous to the five dimensional gauged 
supergravity solution of [7] with two equal U(l) charges and the third U(l) charge equal to 
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a particular value. However, the solution could also be thought of as analogous to the five 
dimensional black hole of minimal gauged supergravity, for which all three U(l) charges are 
set equal [8]. 

For computing thermodynamical quantities, as advocated in [32J, we use angular veloci- 
ties measured with respect to a non-rotating frame at infinity and move to Boyer-Lindquist 
coordinates using the coordinate change [23] 

t = t' + (a\ + a\ + al)ipi + (a\a\ + a\a\ + a\a\)ip2 + a io| a 3' ? /'3> 
$L = g h> + +J2 a2 j(9 2 i>i + V> 2 ) + n a ?(^2 + ^3). (3-15) 

O'i ... ... 

It is routine to perform the coordinate change, although it may be helpful to note here that 
the two-form potential is 

q(a 1 + a 2 a3g) 
H(r 2 + y 2 ){r 2 + z 2 ) 

;i- ff y)a- g v) d ^ A ^ + 9Mz3M ^ A d A + cyc i ic , (3 .i 6 ) 



A {2) 



—1—2—3 —2—3 / 

where there are two additional terms by cycling the indices 1, 2, 3, and, from (12.71) . 



( q?-y 2 )(q?- * 2 

Uid a i - a 3 



A = K ' V 1 i • ( 3 - 17 ) 



We have also denoted Sj = 1 — ajg 2 , which are positive so that the signature is correct. In 
these (t,r,y, z, (pi, <p2,4>3) coordinates, the metric determinant is 

_ H ^r 2 y 2 z 2 (r 2 + y 2 f{r 2 + z 2 ) 2 (y 2 - z 2 ) 2 

0-ei[g a b) - ,_ 2 .,2\2f rt 2 _ rt 2\2/„2 _ „2\2 " 



3.2 Curvature singularities 

The presentation of the higher dimensional Kerr-NUT-AdS solution of [23] gives a simple 
orthonormal basis with which one may compute the curvature, as done in [31]. The structure 
of the curvature singularities is similar to that discussed in [20] for the Myers-Perry solution. 
If any rotation parameter a; vanishes, then there is a curvature singularity at r = 0. For the 
general case in which none of the rotation parameters a« vanish, we might be worried about 
singular behaviour at r = since there are singularities in the vielbein components there. 
However, it turns out that all the curvature components R^ vpa in this orthonormal basis are 
well-behaved at r = provided no dj vanishes, and also the metric components gab and inverse 
metric components g ab are well-behaved there. 

For the seven dimensional solution (I3.12p we have obtained, we may perform the coordinate 
change u = r 2 , and it turns out that the metric components g a b and inverse metric components 
g ab , as well as the metric determinant det(g a b), are all non-singular at u = 0. A simple choice 
of orthonormal frame may be read of from the way the metric is presented, and includes 



e = ff- 4/5 ; VR A, 

^/(r 2 + y 2 )(r 2 + z 2 ) 

H 1 / 5 aia 2 a 3 



ryz 



dt' + (y 2 + z 2 - r 2 )dipi + (y 2 z 2 - r 2 y 2 - r 2 z 2 )dip 2 - r 2 y 2 z 2 d^ 
(I 



H(r 2 + y 2 )(r 2 + z 2 ) 



(i + ^-)a 

\ aia 2 a 3 J 



(3.19) 
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However, in the (£', r, y, z, ipi, ip2, ^3) coordinates, regardless of any coordinate change u = r 2 , 
there remains singular behaviour in the sevenbein components e and e 6 at r = 0. These 
singularities conspired to cancel each other out when forming metric components, but one 
might still be wary of a curvature singularity there, as some orthonormal components of the 
curvature R pvpcT diverge. However, such an apparent singularity is caused by a bad choice of 
orthonormal frame. We have, in these coordinates, orthonormal frame components 

f, q \ ~ 4/5 Qia2Q3 - Q9 , . nf , 

eo=|l + -o-2 A + 0{r), 

\ y z z z j ryz 

ft , 9 V 4/5 aia2 ° 3 ~ ^ /i , rv ^ (1 on\ 

e 6 = 1 + ^-^ A + 0(r), (3.20) 



y2~,2 J r y~, 

so there is a degeneracy in the orthonormal frame as r — > 0. We may remove the degeneracy 
by changing orthonormal frames and performing local Lorentz boosts with arbitrarily large 
rapidity as r — > 0. For example, we could replace e and e 6 in favour of 



1 y/T^ 

e = -eo e 6 = 0(r ), 

r r 

e'e = -e 6 - = 0(r°), (3.21) 

r r 

leaving ei, . . . , es unchanged. The new inverse sevenbein components are also well-behaved 
at r = 0. It follows that the curvature components R pupcr in this orthonormal frame must 
be non-singular at r = 0, so the geometry is regular there. Using the new radial coordinate 
u = r 2 , the metric may be extended to negative values of u, which may be thought of as 
extending to imaginary values of r. If one examines the orthonormal components of the 
Riemann tensor, then one finds negative powers of r 2 + y 2 and r 2 + z 2 , and so there is a 
curvature singularity that extends out to a maximum radius given by r 2 = — min(a 2 , a 2 , a|). 
There are also negative powers of (r 2 + y 2 )(r 2 + z 2 ) + q appearing in the curvature, which 
moves the curvature singularity further out for q < 0. If there is a horizon at r = r or some 
minimum radius to the geometry at r = r , then a naked singularity is avoided if r 2 , + a 2 > 
for each % and (r 2 + a 2 )(rl + a 2 ) + q > for each % ^ j. From now on, we assume that the 
parameters of the solution are chosen so that the outermost curvature singularity is hidden 
behind a horizon. 

3.3 Thermodynamics 

The outer black hole horizon is located at the largest root of R(r), say at r = r+. Its 
angular velocities are constant over the horizon and are obtained from the Killing vector 
£ = d/dt + Y2i Qid/d<pi that becomes null on the horizon. The surface gravity k, also constant 
over the horizon, is given by £ b Vfe£ a = nl a evaluated on the horizon. The horizon area is 
obtained from integrating the square root of the determinant of the induced metric on a time 
slice of the horizon, 

, , I [H( r + + a?) + gfr+ ~ aia2a39)} 2 y 2 z 2 (y 2 ~ ( ~ 99 a 

ael 9(y,z,4>i,4>2,4> 3 )\r=r + -2-2-2/„2 _ „2\2(„2 _ ^2(^2 _ ^2^2^,2 ' {O.AZ) 

"l"2"3l U l a 2> \ a 2 U 3J \ U 3 a l) ' + 

Bearing in mind that the radial coordinate may be analytically continued to negative values 
of r 2 , we should demand that r 2 > 0, so the horizon area, or equivalently the entropy, is real. 
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We take the temperature to be T = k/27t and the entropy to be one quarter of the horizon 
area. The angular momenta are given by the Komar integrals 



Ji 



16vr 



*dKi 



(3.23) 



where Ki is the one-form obtained from the Killing vector d/dfa. Using the Killing vector £ 
that becomes null on the horizon, we obtain the electrostatic potential $ = £ ■ Am evaluated 
on the horizon, over which it is constant. The conserved Page electric charge is 



G=oZ / (X-^F (2) -F (2) AA (3) ), 
°k Js 5 



(3.24) 



although for our solution there is no contribution from the Fi 2 \ A A™ term; our normalization 
factor of 1/87T rather than 1/167T arises from using the canonical normalization for two separate 
U(l) fields and then setting them equal. 

One finds that TdS + £\ fijd Jj + $dQ is an exact differential, and so we may integrate 
the first law of black hole mechanics, 



dE = TdS + Q * dJ i + $d< 2> 



(3.25) 



to obtain an expression for the thermodynamic mass E. There are various other methods of 
obtaining the energy of an asymptotically AdS spacetime that we do not pursue here, but 
discussion of how various methods are applied to computing the conserved charges of AdS 
black hole solutions may be found in [52"l 155] for example. 
In summary, we find the thermodynamical quantities 



E 

T 

S 

Ji 
$ 

Q 



7T 



-1—2—3 



y~v 2 m 



-ui 5q q ^ — \ i _ 



25, 



2(1 + 2a 1 a 2 a 3 g 3 



27ir + [(r 2 + + a{){r 2 + + a 2 2 ){r\ + af) + q{r\ 
n 3 [(r 2 + + a\){r\ + a 2 2 ){r\ + a\) + q{r\ - aia 2 a 3 g)} 



aia 2 a 3 g)\ 



ai[(l + g 2 r 2 + )U 



4SiS 2 S 3 r+ 
2 i -2 



r 



+ + a") + qg 2 r 2 ' 



{r\ + a?) {r% + a 2 2 ) (r 2 + + a§) + q(r\ - aia 2 a z g) 
7c 2 m[aiC 2 - s 2 g(U j¥=i a j + a t a j9 + aiG^a^ 2 )] 



4— 1—2— 3— i 

2mscr 2 _ 



(r\ + a\)(r 2 + + a 2 2 ){r\ + a§) + q(r\ - a x a 2 a 3 g) ' 
Tr 2 msc 



-1—2—3 



1 + g 2 r\ )r\ £\ Yl^M + a 2 ) - f^K + a 2 ) + 2q{g 2 r% + ga x a 2 a 3 ) - q 2 g 



2„2 



(3.26) 
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The Gibbs free energy, G = E — TS — J2i ^iJ% ~ ®Q> is 



G 



71 



1 - g 2 r 2 + ) \\{r\ + a 2 ) - 2qg 2 r% - 2qa 1 a 2 a 3 g 

i 

^2 a i r + ~~ a i a i r + ~ II a H + a i a 2a 3 g(2g 2 rl - 2r 2 + + qg 

i<j i J 

+g 2 r 2 + {r% + q) (jj(r 2 + + a 2 ) + q(r 2 + - ^a^g^j j. 



(3.27) 



One then obtains the grand canonical partition function, Z gc = exp(— G/T). 

For black holes with a large horizon radius compared to the AdS radius, there are universal 
thermodynamical predictions arising from conformal fluid mechanics via the AdS/CFT cor- 
respondence [3^| [35] . We set g — 1 and take the limit r + ^> 1 keeping k = q/r+ fixed. In this 
large black hole limit, after multiplying integrals by \j g^G-j = 1QN 3 /3tt 2 , the thermodynamics 
is summarized by 



T 



r+(3-Jfe) 



Vk 



2tt ' Ql ~ a ^ $ - 27rT 3-A;' "^ gc "3n i (l-0?)(3-A;) 6 - 
These agree with the fluid mechanical predictions, with the first corrections being 0(l/ri). 



InZ. 



64vr 6 iV 3 T 5 (1 + kf 



(3.28) 



3.4 BPS limit 

Conditions for a solution to be BPS were obtained in |36J from considering eigenvalues of the 
Bogomolny matrix. In our case, for which the two U(l) charges have been set equal, once 
appropriate signs of <pi and have been chosen, a BPS solution satisfies 

E + g^Ji-Q = 0. (3.29) 

i 

It should be noted that there is a typographical error in [36] concerning conditions for the 
vanishing of the eigenvalues of the Bogomolny matrix. Specifically, equation (4.14) should be 
e <5i+fc _ i _|_ 2/ag, (1 + 2/ag) -1 , l — 2/3ag, (1 — 2/3ag)~ 1 , since E and J are invariant under 
5i — > —5i, but Qi — > — Qf, therefore e 5l+&2 = 1 + 2/ 'ag corresponds to E — gJ — £\ Qi = and 
e s 1+ s 2 = 1 _ 2 /3 a g corresponds to E + 3gJ -J2iQi = °- 
The BPS condition is satisfied if 

e 2S = 1 - -, (3.30) 

[ai + a 2 + a 3 )g 

which recovers the type A and type B conditions of [36] on setting the equal up to signs. 
For S to be real, we must have (ai + a 2 + a 3 )g < or (ai + a 2 + a 3 )g > 2, along with the 
previous requirement that — 1 < a^g < 1. Equivalently, in a form that is more directly useful, 
the BPS constraint is 

2m 

Q = ~l r- (3.31) 

(ax + a 2 + a 3 )g(2 - a x g - a 2 g - a 3 g) 

The Killing vector 
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is the square of a Killing spinor e, i.e. K a = e^ a e. Because of its spinorial square root, from 
Fierz identities one may show that K is non-spacelike, and we have g(K, K) = —f 2 , with 

f = (\ + - aig - a 2 g - QgggQj + y 2 )(rj + z 2 ) \ 

1 V H 1 _S 2 _S 3 _(ai + «2)(a 2 + a 3 )(a3 + a 1 )(r 2 + y 2 )(r2 + ^ ) ;' ^ ) 



(3.34) 



where 

9 a\a 2 + a 2 a3 + a 3 a\ — a\a 2 a 3 g 

r h = ; • 

1 - a ± g - a 2 g - a 3 g 

We have also used the definition Ei± = 1 ± a^g. 

The supersymmetric solutions generally preserve | super symmetry, although there can be 
supersymmetry enhancement if more than one eigenvalue of the Bogomolny matrix vanishes. 
We should recall that these eigenvalues are 

A i± = E + g Ji - g ^ J i ± ( 5> 

A 4± = E + g(Jt + J 2 + J 3 ) ± Q; (3.35) 

the number of supersymmetries preserved is the number of zero eigenvalues. We have chosen 
conventions (13.291) such that A 4 „ = 0, but it may be possible for some of the other eigenvalues 
to also vanish. Since the charge Q does not vanish for the BPS solutions, as follows from 
(I3.30p . apart from for AdSy itself, we see that at most four of the eight eigenvalues (13.351) of 



the Bogomolny matrix can vanish. The possibilities for enhanced supersymmetry are, up to 
permutations, 

\ supersymmetric | supersymmetric | supersymmetric 
A 1+ = A 1+ = A 2+ = A 1+ = A 2+ = A3 + = 

Ai_ =0 A 1+ = A 2 _ = Ai+ = A 2+ = A 3 ~ = . (3.36) 

Ai_ = A 2 _ = Ai+ = A 2 _ = A3_ = 
Ai_ = A 2 _ = A3_ = 

The supersymmetric solutions might therefore be |, |, |, | supersymmetric. Given a BPS 
solution, the eigenvalue Ai+ vanishes if 

_ 4 - (a 2 + a 3 )g - 3(a^ + a 2 3 )g 2 - 2a 2 a 3 ^ 2 - a 2 a 3 (a 2 + a 3 )g 3 
' 4 + (a 2 + a 3 )g - (a 2 + a^g 2 + 2a 2 a 3 g 2 + a 2 a 3 (a 2 + a 3 )5f 3 ' 

The eigenvalue Ai_ vanishes if either of the following two conditions holds: 

1 - (a 2 + a 3 )g - 3a 2 a 3 g 2 

aig = ^—7 — r 2", ( 3 - 38 > 

3 + (a 2 + a 3 )g - a 2 a 3 g z 

a 2 + a 3 = 0. (3.39) 

However, we must take into account the inequalities that the rotation parameters must satisfy: 
— 1 < a^g < 1 for the correct signature; from the BPS constraint (I3.30p . either (ai + a 2 +a 3 )g < 
or (cii + a 2 + a 3 )g > 2; for a real horizon area and entropy, a horizon r = r must have 
> 0; and conditions to avoid a naked singularity. 
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To investigate whether or not the spacetime suffers from the pathology of naked closed 
timelike curves (CTCs), we write the metric in the form 



ds 2 = H 2 ' b 



(r 2 + y 2 ){r 2 + z 2 ) ^ 2 + (r 2 + y 2 )(y 2 - z 2 ) 2 + (r 2 + z 2 )(z 2 - y 2 ) ^ 2 
R i Z 

-dt 2 + B 3 (d(fi 3 + v 32 dc/) 2 + v 31 d(f)i + v 30 dt) 2 



+B 2 (d(p2 + w 2 id0i + v 20 dt) 2 + £i(d0i + v w dtf 



(3.40) 



so that the periodic (pi coordinates have been separated from a dt 2 term. We have used ( 13.181) 
in writing this form of the metric, but for now do not require any details of the additional 
functions introduced, which one can straightforwardly obtain. However, it is worth noting 
that the functions Bi may be expressed using determinants of parts of the metric involving 
only d(pi, namely 

B 3 = H'^g^ B 2 = H- 2 ^ t9{M *\ B l = H- 2 ^ 9 J^M . ( 3 .41) 

There are CTCs if any Bi is negative; the determinants appear in the expressions for Bi 
as a manifestation of the standard result that a quadratic form is positive if and only if each 
of the leading minors is positive. From the g u coefficient, we have 

r2 r 2 y 2 z 2 RYZ n . M . l2 

~ f = ~ m - ajmB 2 B 3 + RM1 + ^ + ^ - ^ 30] 

+B 2 [g{l + v 2l ) - v 20 } 2 + B 1 {g- v 10 ) 2 . (3.42) 

Since R = at the horizon and the left hand side is negative semi-definite, we generally 
have some Bi negative near the horizon, and so the solution generally possesses naked CTCs. 
There are, however, two special cases for which naked CTCs do not occur, which we now 
discuss. 



3.4.1 Supersymmetric black holes 

One way to obtain solutions free from naked CTCs is to demand that / = at the horizon, 
which leads to the further condition 

Si_S 2 _H 3 _(ai + a 2 )(a 2 + a 3 )(a 3 + ai) 

q = . (3.43) 

(1 - aig - a 2 g - a 3 g) 2 g 

We then have the simplification 

where r 2 = is given by (I3.34p and denotes the location of a horizon. At the horizon, we 
have R = 0, and at a horizon with non-zero area, B\B 2 B 3 7^ 0. Therefore from (I3.42p . if 
/ = at the horizon, then each of g(l + v 32 + v 3 i) — v 30 , g{l + v 2 \) — v 2Q and g — v 1Q must 
vanish at the horizon. Differentiating (13.421) with respect to r, we see that R' also vanishes 
at the horizon, so the radial function R must possess a double root, and we find that it takes 
the form 

R = Ur* + [1 + (a 2 , + ai + al)g 2 + 2, 2 r 2 ]r 2 + ^f^l) . ( 3 .45) 

T \ Tex I 
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There should be no other horizons outside r = ro to avoid naked CTCs, and this is guaranteed 
by positive r" 2 . 

We then need to verify that each Bi is non-negative outside the horizon, which will place 
contraints on the parameters in terms of inequalities. The expressions for Bi are rather 
complicated, and so we do not provide a full analysis. However, if we choose each aj to be 
positive but otherwise arbitrary, then one may verify that by taking g negative but with \g\ 
sufficiently small we obtain an example of a solution free of naked CTCs. 

The thermodynamical quantities simplify to 

= ^ rL<;( Q fc + gOEj E i + T.i<j Zj^j ~ (1 + aia 2 a3^ 3 )(2 + J2i a i9 + E*<j a i a j9 2 )] 

8S? + Ei + E§ + (1 - aig - a 2 g - a 3 g) 2 g 
_ 7r 3 (ai + a 2 )(a 2 + a 3 )(a 3 + o 1 )(ai0 2 + a 2 a 3 + a 3 ai - aia 2 a 3 g) 
4Si + S 2+ S 3+ (l - aig - a 2 g - a 3 g) 2 gr 
j n 2 (a 1 + a 2 )(a 2 + a 3 )(a 3 + ai)[oj - (a 2 + 2a t Y,j^i a j + Hj& a j)9 + a-i^^g 2 } 

8Si + S 2+ S 3+ S i+ (l - a x g - a 2 g - a 3 g) 2 g 
_ 7r 2 (ai + a 2 )(a 2 + a 3 )(a 3 + aQ 
2Si + S 2+ S 3+ (l - a x g - a 2 g - a 3 g)g' 
T = 0, Qi = -g, $ = -1. (3.46) 

If a = ai = — a 2 = — a 3 , then r 2 . = —a 2 and so / = H~ A / b . Therefore — f 2 = —H~ 8 / 5 
is negative definite, and so there cannot be supersymmetric black holes. The absence of 
supersymmetric black holes in this case, and analogously in five dimensional supergravity 
with rotation parameters ai = —a 2 , was noted in the analysis of [36], there referred to as type 
A. 

We now consider whether the supersymmetric black holes can preserve more than | super- 
symmetry. First, we consider the vanishing of Ai + , in which case ( I3.37P holds. Then r" 2 < 0, 
so there are no such solutions. There are two possibilities (13.381 13.39P for the eigenvalue Ai_ 
vanishing, however the first, (13.381) . is trivial for supersymmetric black holes and satisfied only 
for AdS7, so we consider the second, f!3.39[) . Then {a\ + a 2 + a 3 )g < 2, but then it is not 
possible to satisfy both (ai + a 2 + a 3 )g < for the BPS constraint and > 0, so again there 
are no such solutions. 



3.4.2 Topological solitons 

The second way of avoiding naked CTCs is to demand that B\B 2 B 3 also vanishes at the 
outermost root of R, so then the spacetime has some minimum radius at which the geometry 
remains smooth, giving rise to a topological soliton. From (13.221) and the expression for the 
radial function R, we find that topological solitons occur if the BPS constraint is supplemented 
by 

_ Ui -i- \ a i - K 2 + 2a i E^i a i + Hj& a j)9 + ^a^g 2 ] 



(1 - a t g - a 2 g - a 3 g) A g 
EL ^i-(ai-gr 2 ) 



(1 - aig - a 2 g - a 3 g)g' 
The geometry ends at r = ro with 



(3.47) 



2 {a 1 a 2 + a 2 a 3 + a 3 a x - a ± a 2 a 3 g) 2 g 2 24 

r o = n ^ = ~9 r h" 3 - 48 

(1 - aig - a 2 g - a 3 g) 2 
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Since there is no horizon, it is not necessary to demand that Tq > 0, unlike the case of 
supersymmetric black holes, where it was needed to ensure that the horizon area and entropy 
were real. Since our expression for r 2 is not positive, it is convenient to define a new radial 
coordinate f 2 = r 2 — r%, which takes values < f < oo. 

In general, there is a conical singularity at f = 0, as may be seen from a relevant part of 
the metric, 

ds 2 = + y2) ^ ± ^ dr 2 + £ x (#i + ^iodt) 2 ) + . . . 

= H 2 ^(r )(r 2 0+ y 2 )(r 2 + z 2 ) 

(1 - aig - a 2 g - a 3 g) 4 df 2 

Si_S 2 -S 3 _C(aia 2 + a 2 a 3 + a 3 a x — aia 2 a 3 g) 2 

CE 2 _E 3 _(a 2 + a 3 a 1 gf) 2 (a3 + a 1 a 2 gf) 2 f 2 (d0i + ^i dt) 2 \ _ 
+ Sf+S^l - a l9 - a 2 g - a 3 ^) 6 (r 2 + a 2 ) 2 (r 2 + a 2 ) 2 J + ' ' " ' ^ J) 

where 

C = l- 5^a^ + 7^ a 2 g 2 + 19 ^ a^ 2 - 3 ^ a 3 # 3 - 19 ^ ^ 2 %£ 3 

i i i<j i i^j 

— 51axa 2 a 3 (7 3 + 5 a|a-jg 4 + 14 a 2 aj<7 4 + 39aia 2 a 3 a^ 4 

— 3ai<2 2 a 3 aft? 5 — 14ai<2 2 a 3 a^ajg^ + ^a\a\a\g % . (3.50) 

i «<i 

To ensure that there is no conical singularity at r = 0, since has period 27r, we need the 
quantization condition 



H 2 _S 3 _C(a 2 + a 3 aig)(a 3 + aia 2 g)(a\a 2 + a 2 a 3 + a 3 ai — aia 2 a 3 <?) x z 
Si+(1 - ai^ - a 2 5f - a 3 fi0 5 (r 2 + a|)(rg + a§) 



= 1. (3.51) 

The supersymmetric topological solitons of [36] are given by a = a± = a 2 = a 3 , there known 
as type B, and a — a\ — —a 2 = — a 3 , there known as type A. For both cases, the quantization 
condition (I3.5ip cannot hold for any rotation parameter with — 1 < ag < 1 and with either 
(ax + a 2 + a 3 )g < or (a x + a 2 + a 3 )g > 2. One could instead consider making <pi have 
period 2n/k instead, for some positive integer k, leading to solutions that are asymptotically 
AdSy/Zfc, in which case it becomes possible for a quantization condition to hold with —1 < 
ag < 1. We now consider whether the supersymmetric topological solitons can preserve 
more than | supersymmetry, for example the case a = ai = —a 2 = —a 3 considered in [36] 
was shown to be | supersymmetric. We should again check, as we previously did with the 
supersymmetric black holes, whether the rotation parameters lie within the allowed ranges 
to ensure the correct signature, so that the BPS constraint is satisfied, and so that there are 
no naked singularities. Additionally, we should check that we can find rotation parameters 
for which the quantization condition (13.511) holds. The eigenvalue Ai + vanishes if (13.371) 
holds. It is possible to find rotation parameters with — 1 < a 2 g < 1 and — 1 < a 3 g < 1 so 
that (ai + a 2 + a 3 )g < 0, but then it is not possible to satisfy — 1 < a^g < 1. The other 
possibility of satisfying the BPS constraint, of (g^ + a 2 + a 3 )g > 2, does not occur. This 
argument could have been used instead to rule out Ai+ = for the supersymmetric black 
holes, since it does not rely on any expression for tq. We next consider the two possibilities 
(13.381 13.391) for the eigenvalue Ai_ vanishing. If we have (13.381) . then we may choose a 2 g and 
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a%g so that the BPS constraint is satisfied through (a± + 02 + 0,3) g < 0. However, we then 
find that Tq + min(a|,a|) < 0, and so a naked singularity cannot be avoided. We therefore 
move on to the second possibility that leads to vanishing A]_, (13.391) . Setting a 3 = —a\ 
with 02 independent gives | super symmetric topological solitons; we find that the rotation 
parameters may be chosen so that we have the correct signature, a smooth geometry, satisfy 
the BPS condition, and avoid naked CTCs. The case a — a\ — —ci2 = —as, which preserves 
I super symmetry, as noted above, cannot be asymptotically AdS7, and satisfy both the BPS 
condition and the quantization condition. 

4 Discussion 

We have obtained a black hole solution of seven dimensional gauged supergravity with ar- 
bitrary angular momenta and equal U(l) charges in the U(l) 2 truncation of the full SO(5) 
gauge group, complementing the solution of the ungauged theory with arbitrary angular mo- 
menta and arbitrary charges |l7j . and the solution of the gauged theory with equal angular 
momenta and arbitrary charges [TTJ. It remains to find a general black hole solution of the 
gauged theory with arbitrary angular momenta and arbitrary charges. 

We have demonstrated similarities between some black hole solutions of gauged super- 
gravity theories in various dimensions in the case of certain combinations of charges being set 
equal. These may serve as a guide to obtaining general black hole solutions of four and five 
dimensional gauged supergravity with arbitrary angular momenta and arbitrary charges as 
well. 
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